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Wave Equation 

   Mathematical manipulation of Faraday’s law and Ampere-Maxwell law 

leads directly to a wave equation for the electric and magnetic field. 

Wave equation for the electric field 
 we know from Maxwell’s curl equations for the electric field 

𝛁×�⃑⃑� = −
𝝏𝑩

𝝏𝒕
= −𝝁

𝝏𝑯

𝝏𝒕
    … (𝟐. 𝟏) 

𝛁×�⃑⃑⃑� = 𝝈𝑬 +
𝝏𝑫

𝝏𝒕
               … (𝟐. 𝟐) 

Where the conduction current density J in a given medium is defined 

by       𝑱 =  𝝈𝑬    and  𝝈  is the conductivity of the medium in S/m (℧/m). 
Taking the curl of eqn. (2.1) 

𝛁×(𝛁×�⃑⃑� ) = −𝝁
𝝏 

𝝏𝒕
(𝛁×𝑯) 

𝛁×(𝛁×𝑬) = −𝝁
𝝏 

𝝏𝒕
(𝝈𝑬 +

𝝐𝝏𝑬

𝝏𝒕
) 

By applying vector identity: 

𝛁×𝛁×�⃑⃑� = 𝛁(𝛁. 𝐄) − 𝛁𝟐𝑬 

It is assumed that 𝜎 = 0 and ∇. E = 0 as 𝜌𝑣 = 0 from equation ∇. �⃑⃑� = 𝜌𝑣  

as  D = ϵ E 

−𝛁𝟐𝑬 = −𝝁𝝐
𝝏𝟐𝑬

𝝏𝒕𝟐
 

     𝛁𝟐𝑬 = 𝝁𝝐
𝝏𝟐𝑬

𝝏𝒕𝟐
         … (𝟐. 𝟑) 

Wave equation for the magnetic field 
Similarly taking the curl of the following equation 

𝛁×�⃑⃑⃑� = 𝝐
𝝏𝑬

𝝏𝒕
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𝛁×(𝛁×𝑯)⃑⃑⃑⃑  ⃑ = 𝝐
𝝏

𝝏𝒕
(𝛁×𝑬)⃑⃑⃑⃑  

= −𝝁𝝐
𝝏𝟐𝑯

𝝏𝒕𝟐
 

𝛁. (𝛁.𝑯)⃑⃑⃑⃑  ⃑ − 𝛁𝟐𝑯 = −𝝁𝝐
𝝏𝟐𝑯

𝝏𝒕𝟐
 

AS 𝛁. �⃑⃑⃑� = 𝟎 from 𝛁.𝑩 = 𝟎 

−𝛁𝟐𝑯 = −𝝁𝝐
𝝏𝟐𝑯

𝝏𝒕𝟐
 

𝛁𝟐𝑯 = 𝝁𝝐
𝝏𝟐𝑯

𝝏𝒕𝟐
   …  (𝟐. 𝟒) 

It should be noted that the “double del” or “del squared” is a scalar product 

that is, 
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Eqns (2. 3) and (2.4) are the Helmholtz wave equation satisfied by electric 

and magnetic fields. 

Solution of wave equation  

   Both electric and magnetic fields are the functions of  x,y,z and time (four 

variables). All the components of  E (Ex, Ey, Ez) and H (Hx, Hy, Hz) will be 

satisfying the wave equation. 

    Let us assume that there is no spatial variation of y and x, 
𝝏

𝝏𝒙
=

𝝏

𝝏𝒚
= 𝟎. 

Let us assume that E is varying only in the direction of propagation i.e. (y-

direction)  

𝛁𝟐𝑬𝒙 − 𝝁𝝐
𝝏𝟐𝑬𝒙

𝝏𝒕𝟐
= 𝟎 

    To simplify Maxwell’s equations by writing them in terms of phasors just 

like we use in circuit analysis, then 

 𝑬𝒙 = 𝑬𝒙°
𝒆𝒋𝒘𝒕 

Then                        
𝝏𝟐𝑬𝒙

𝝏𝒕𝟐
= −𝒘𝟐𝑬𝒙 

                                         𝛁𝟐𝑬𝒙 + 𝝁𝝐𝒘𝟐𝑬𝒙 = 𝟎  

                               
𝝏𝟐𝑬𝒙

𝝏𝒙𝟐
+

𝝏𝟐𝑬𝒙

𝝏𝒚𝟐
+

𝝏𝟐𝑬𝒙

𝝏𝒛𝟐
+  𝝁𝝐𝒘𝟐𝑬𝒙 = 𝟎       …  (𝟐. 𝟓) 

Equ.  (𝟐. 𝟓) can easily be solved if the electric field is considered to vary 

only in one direction i. e. direction of propagation. Such a wave is called 

uniform plane wave characterized by uniform 𝑬𝒙 (uniform in magnitude as 

well as in phase) over an infinite plane surface perpendicular to the direction 

of propagation. 

                                                                     𝑬𝒙 = 𝑬𝒙°
𝒆𝒋(𝒘𝒕−𝜷𝒛)   …  (𝟐. 𝟔) 

Where: 

z direction of propagation 

w        angular frequency 
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𝜷   phase constant 

Hence Maxwell’s Equations (phasor form) will be 

 

 

Plane Wave 

 A plane wave is a wave whose phase is constant over a set of planes 

Uniform Plane Wave 

A plane wave is a wave whose phase and magnitude are both constant. A 

spherical wave in free space is a uniform plane wave. Electromagnetic 

waves in free space are typical uniform Plane Wave. 
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            𝜼    is intrinsic impedance of the  

medium 

 

            c  or  vp  is phase velocity  

 

 

For free space   𝜶 = 𝟎,     𝝈 = 𝟎    𝑎𝑛𝑑    𝜷 = 𝒘√𝝁°𝜺°   

𝜶    is the attenuation constant (Neper/m) or Np/m  

We define  𝜸  as the propagation constant 

𝜸 =  𝜶 + 𝒋𝜷 

∴ 𝜸 =  𝒋 𝒘√𝝁°𝜺° 

The distance between corresponding adjacent points on the wave known as 

the wave length (𝝀) 

𝝀 =
𝟐𝝅

𝜷
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B. Wave propagation in lossless dielectric 

 In lossless dielectric   𝝈 = 𝟎,   𝜺 = 𝜺°𝜺𝒓,    𝝁°𝝁𝒓 

𝜶 = 𝟎,     𝜷 = 𝒘√𝝁𝜺 

𝑣𝑝 =
𝑤

𝛽
=

1

√𝜇𝜀
 ,                   𝜼 = √

𝜇

𝜀
= 𝟑𝟕𝟕√

𝜇𝑟

𝜀𝑟
𝛀 

𝜸 =  𝜶 + 𝒋𝜷 

∴ 𝜸 =  𝒋 𝒘√𝝁𝜺 

C. Wave propagation in lossy dielectric (𝝈 ≠ 𝟎) 

  

 

 

 

  

 

 

 

 

 

 

 



 Microwave Engineering                                                                          lec. 2   
 

Asst. Lec. Haraa Raheem Page 7 
 

𝒗𝒑 =
𝒘

𝜷
                  𝑎𝑛𝑑      𝝀 =

𝟐𝝅

𝜷
 

D. Wave propagation in good conductors & skin depth 

 

 

 

  

 

 

 

 

 𝜶 = 𝜷 = √
𝒘𝝁𝝈

𝟐
 

The exponential factor  𝒆−𝜶𝒛 of the traveling wave becomes  𝒆−𝟏 =0.368 

when    𝒛 =
𝟏

√
𝒘𝝁𝝈

𝟐

 

The inverse of the attenuation constant for good conductors is defined 

as the skin depth  𝜹𝒔 . The skin depth defines the distance over which a 

plane traveling in a good conductor wave decays by an amount of e-1 = 

0.368. 

  𝜹𝒔 =
𝟏

√
𝒘𝝁𝝈

𝟐

=
𝟏

𝜶
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